Sensitive dependence on initial conditions is widely understood as being the central idea of chaos. We rst give su cient conditions (both topological and ergodic) on an endomorphism to ensure the sensitivity property. Then, a strong sensitivity concept is introduced. Su cient conditions on a transformation implying strong sensitivity are given. We also provide bounds for the strong sensitivity constant.
Introduction

Chaos and sensitive dependence on initial conditions
Strong interest has recently been shown in the areas of nonlinear dynamical systems and chaos, see e.g. Berliner 2 ], Chatterjee and Yilmaz 5], Collet 6] and Lasota and Mackey 8] . Strange enough, there has been no universally accepted mathematical de nition of chaos. As a matter of fact, chaos is associated with complex and unpredictable behavior of phenomena over time. In a popular text, Devaney 7] puts forward several components as being the essential features of chaos. Let T : X ! X be a map on some metric space (X; d). Then: T is topologically transitive if for every pair of non-empty open sets U and V in X, there is an integer n 0 such that U \ T n V 6 = ;.
T has sensitive dependence on initial conditions if there exists > 0 (a sensitivity constant) such that for every point x 2 X and every open neighborhood V x of x, there exists All correspondence to be addressed to this author. Email: biau@ensam.inra.fr.
an integer n 0 such that sup y2Vx d(T n x; T n y) > .
In the de nition of Devaney 7] , a continuous map is called chaotic if it is topologically transitive, sensitive and if its periodic points are dense in X. Whereas the density of periodic points can be interpreted as an \element of regularity" ? Devaney 7] , the sensitivity property captures the idea that in a chaotic system a very small change in the initial condition can cause a big change in the trajectory. Recently, the de nition of Devaney was simpli ed by Banks et al 1] . Indeed, these authors showed that any continuous and topologically transitive map T : X ! X whose periodic points are dense in X has sensitive dependence on initial conditions. Sensitive dependence on initial conditions is widely understood as being the central idea of chaos and was popularized by the meteorologist Ed Lorenz through the so-called \butter y e ect". see Devaney 7] , Lasota and Mackey 8] and Wegman 12] , the archetype of chaotic maps (actually, it is chaotic in the sense of Devaney). However, even if sensitivity is a central idea in chaos theory, it cannot be considered alone as a de nition of chaos. Indeed, though the map Tx = 2x de ned on 0; +1 is obviously sensitive, it cannot reasonably be considered as a chaotic map.
The aim of the present study is to derive general conditions (both topological and ergodic) on a transformation (also called dynamical system in this context) to force the sensitivity property. The paper is organized as follows. In the next paragraph, we have compiled without proofs some basic de nitions and results that are essential to our study. In Section 2, we give su cient conditions for an endomorphism to be sensitive. Section 3 is devoted to the study of a stronger property than the sensitive dependence on initial conditions, namely the strong sensitivity. Section 4 provides a discussion on the link between turbulent and exact transformations.
De nitions and notations
Throughout the paper, (X; d) is a metric space that we assume not to be reduced to a single point, B(E) denotes the Borel -eld of any topological space E and is a probability measure on ? X; B(X) . We denote by supp the support of .
If x is a point in X and r a positive real number, we write B(x; r) ? resp. B(x; r) for the open ball (resp. the closed ball) with center at x and radius r. For any subset A of X, the notation diam A stands for the diameter of A ? i.e. supfd(x; y) : x 2 A; y 2 Ag and the notation A c stands for the complement of A in X. If T : X ! X denotes a transformation on X, T n (n 0) denotes the composition with itself n times (with the standard convention that T 0 is the identity map on X). A point x in X is said to be a periodic point (of T) if it satis es T n x = x for some positive integer n. We say that x has period n if n is the smallest positive integer with this property (i.e. T k x 6 = x for k = 1; : : : ; n?1). Recall that a measurable mapping T : X ! X is said to be an endomorphism on the probability space (X; B(X); ) if T is measure-preserving, i.e. for any B 2 B(X), see Rohlin 11] . The following four concepts describe the levels of irregularity that an endomorphism T on (X; B(X); ) can display. 
Sensitive endomorphisms
In this section, we consider a given endomorphism T on the metric probability space (ii) T is weakly mixing and property (P) is satis ed; (iii) T n is ergodic for all n 1, and the periodic points of T are dense in X. Assume that property (P) is satis ed. We can conduct the same proof as before ? the existence of the sequence ? '(k) k 0 in (2.2) is now deduced from (P) . Obviously, such a sequence has positive upper density. In order to achieve the proof of the lemma, observe that if the periodic points of T are dense in X, there exists in V x a periodic point with period p 1, and relation (2.2) holds with '(k) = kp, k 0.
Proof of Theorem 2.1 Sensitivity to initial conditions under (i) is a straightforward consequence of Lemma 2.1 (assume that sensitivity does not hold to obtain a contradiction).
We now proceed to show that, under (ii), T exhibits the desired sensitivity property. To this end, assume that T is weakly mixing and (P) holds, but that T has not sensitive dependence on initial conditions. By Lemma 2.1, there exist U; V 2 B(X), both with positive -measure, and a sequence ? '(k) k 0 , such that 8k 0, (V \ T ?'(k) U) = 0 (use the measure-preserving property of T). Consequently, 8n 1,
Since the sequence Finally, with respect to statement (iii) of the theorem, let us assume that T n is ergodic for all n 1 and the periodic points of T are dense in X, but that T has not the sensitivity property. According to Lemma 2.1, there exist U; V 2 B(X), both with positive -measure, and p 1 such that 8k 0, (V \ T ?pk U) = 0. This contradicts the ergodicity of T p .
Assuming that supp = X, attention shows that any mixing endomorphism is also topologically mixing. Consequently, point (i) of Theorem 2.1 leads to the following corollary: Corollary 2.1 Assume that T is mixing. If supp = X, then T has sensitive dependence on initial conditions. Remark 1 Proof of Lemma 2.1 also shows that any transformation of X into itself (not necessarily measurable and measure-preserving) which is topologically mixing and whose periodic points are dense exhibits sensitive dependence on initial conditions. Similarly, any transformation whose iterates are topologically transitive and whose periodic points are dense in X is sensitive.
Remark 2 In order to compare assumptions (ii) and (iii) in Theorem 2.1, observe that if T is weakly mixing then so is T n for any n 1 (Petersen 9] , page 72). Consequently, with respect to the ergodic properties of T, assumption (ii) is stronger than assumption (iii). However, the analytic property of T in assumption (iii) (i.e. the density of the periodic points) is stronger than the analytic property of T in assumption (ii) 
Strongly sensitive transformations
It was shown in Section 2 that an exact endomorphism associated with a full support probability measure exhibits sensitive dependence on initial conditions (Corollary 2.1). As a matter of fact, a stronger property holds for such an endomorphism. On one hand, De nition 3.1 strengthens the sensitivity de nition in the sense that any strongly sensitive mapping is ipso facto sensitive. On the other hand, De nition 3.2 weakens the notion of exactness, in the sense that the underlying transformation does not necessarily preserve the measure and that the asymptotic property has now to be checked only for open sets. The following theorem links these two new concepts. The following corollary, whose proof is straightforward, establishes the announced link between exactness and strong sensitivity. Until now, only lower bounds for (T) were given. It is easy to see that T is then the quadratic map de ned by Tx = 4x(1 ? x) for x 2 0; 1], and by above T is strongly sensitive with (T) = 1=2.
Discussion
In the previous sections, we proved that exact endomorphisms associated with full support measures are sensitive, which is a central idea in chaos theory. Several de nitions of chaos have already been proposed in the literature. Among these de nitions, Block and Coppel Now, in the light of the results of the previous sections, it seems of interest to ask whether any exact endomorphism is chaotic, in the sense that one if its iterates is turbulent (note that compared to Block and Coppel, this de nition turns out to be an enlarged de nition, since the transformation is not assumed to be continuous). It will be proved that the answer is negative. Recall that, as suggested by Lasota and Mackey 8], exact endomorphisms are probably the \most" chaotic we can nd. In the light of this informal remark, the previous de nition of chaos via turbulence does not seem to be a good de nition. which is not chaotic in the sense that none of its iterates is turbulent.
Proof
Let us rst show that none of the iterates of T is turbulent, i.e. for any n 1, and any compact, non-degenerate, subintervals J and K, 
